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A new framework to closed-loop process identification is proposed. It relies on simul- 
taneous constrained model predictive control (MPC) and identification (MPCI). MPCI 
obtains sujjicient model information on a process under constrained MPC, while mini- 
mally disturbing that process. To select a process input at each time step, MPCI solves a 
constrained optimization problem on-line with respect to process input values over a 
finite moving horizon. These process inputs should satisfL all conventional MPC con- 
straints, as well as additional constraints that assure persistent excitation of the process 
by these inputs. The persistent excitation constraint can be enabled or disabled, accord- 
ing to process identification needs of the closed loop. An  iterative scheme is proposed 
for the numerical solution of the on-line optimization problem. At each iteration, that 
iterative scheme finds a suboptimal feasible solution of the on-line optimization prob- 
lem by solving a semidefinite programming problem whose global convergence is guar- 
anteed. The effectiveness of the proposed new methodology is illustrated through simu- 
lations on a linear time-varying process. 

Introduction 
Model predictive control (MPC) was born from the simple 

idea of controlling a process by selecting a process input at 
each time step, after performing constrained on-line opti- 
mization. The on-line optimization problem for MPC is for- 
mulated on the basis of process measurements, a process 
model, and disturbance prediction over a finite moving (re- 
ceding) horizon (Prett and Garcia, 1988). For processes with 
constraints on process inputs and/or outputs, constrained 
MPC is currently the most effective methodology for treating 
constraints in a systematic manner. 

Any model used by MPC will always be an imperfect rep- 
resentation of a real process. While rigorous methods exist 
for the design of MPC systems that guarantee robust stability 
and good performance in the presence of modeling inaccu- 
racy (Rawlings and Muske, 1993; Genceli and Nikolaou, 1993, 
1995; Vuthandam et al., 1995; Zheng and Morari, 1993; 
Michalska and Mayne, 19931, the need for the development 
of a model for a process under feedback control may fre- 
quently arise. This problem is known as closed-loop identifica- 
tion. Identification of a process under closed-loop MPC may 
be required when the performance of MPC is not acceptable 
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and a more accurate model is needed by the MPC controller. 
For a linear process with a linear controller, unacceptable 
controller performance can be detected using statistical anal- 
y$s. Examples include the use of minimum variance control 
(Astrom, 1970) as demonstrated by Harris (19891, Stanfelj et 
al. (19931, and Harris et al. (1995); and hypothesis testing for 
internal model control (Tyler and Morari, 1995). Alterna- 
tively, closed-loop process identification may be required to 
prevent the closed-loop performance of MPC from being un- 
acceptable due to poor model accuracy. 

Closed-loop identification has been aGdressed extensively 
in a linear stochastic control setting (Astrom and Witten- 
mark, 1989). Good discussions from a stochastic control view- 
point on how to circumvent the difficulty of nonidentifiability 
and further obtain a good model for a process under feed- 
back control are given in Box (19761, Gustavsson et al. (1977), 
Caines (1984), and Melo and Friedly (1992). Van den Hof 
and Schrama (1994) and Gevers (1993) review recent re- 
search on new criteria for closed-loop identification of state 
space or input-output models for control purposes. How- 
ever, in all of the literature on closed-loop identification just 
cited, the presence of constraints on process inputs and/or 
outputs has not been explicitly treated. Thus, the problem we 
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address in this study is the following: Obtain suficient model 
information about a process under constrained MPC, while min- 
imally perturbing that process. 

To address this problem we propose a new class of con- 
strained controllers for simultaneous model predictive con- 
trol and identification (MPCI). The new control strategy re- 
lies on the following idea: To select a process input at each 
time step, solve on-line a constrained optimization problem with 
respect to process input values over a finite moving horizon. 
These process inputs should satisfy all conventional MPC 
constraints, as well as additional constraints that assure per- 
sistent excitation (PE) of the process by these inputs. 

In this article we apply MPCI to time-varying processes 
that are modeled by finite-impulse-response (FIR) models, 
and do not change frequently. The nontrivial extensions to 
deterministic autoregressive moving-average (ARMA) mod- 
els, including open-loop unstable processes, are under prepa- 
ration. 

The rest of this article is structured as follows: we first 
formulate the MPCI on-line optimization problem, and then 
outline its solution. We illustrate MPCI with computer simu- 
lations for a linear time-varying system. Finally, we discuss 
further possibilities and open problems for MPCI, and pro- 
pose future directions. 

Formulation of Model Predictive Control 
and Identification 

A common practice in on-line optimization-based control 
is to use a process model for predicting the future behavior 
of the process for potential manipulated input moves. If, 
however, the process is time-varying, then the model accu- 
racy will get weaker, the controller performance may deterio- 
rate, and the closed-loop may possibly become unstable. 
Hence, the process model may have to be updated on-line 
while the process is under feedback control. This on-line 
adaptation requires persistent excitation of the input signals 
(Bitmead, 1984). Our aim is to keep this persistent excitation 
at a sufficient level for identification while maintaining the 
best possible on-line objective. In this manner, the existence 
of persistent excitation would minimally deteriorate the 
closed-loop performance while allowing good parameter esti- 
mation. Next, we show how to formulate and solve such an 
on-line optimization problem. 

Persistent excitation requirement in parameter estimation 
Let the following linear time-varying model be used to de- 

scribe a process at current time k 

( 1 )  

where 

y ( 1 )  = current or past measured output at time 1 I k 
l > k  

k k  
current or future potential input at time 12 k 

predicted future output at time 

u ( l )  = implemented past input at time 

i y ( l / k )  = 

u ( l / k )  = 

d ( l / k )  = disturbance estimate at time I made at time k 

g , ( l /k )  = model coefficient estimate at time 1 made at time k 

In vector notation, Eq. 1 becomes 

Application of Eq. 2 for I = k - m + 1, . . . , k yields 

y ( k )  = 

where 

, 

y ( k )  = [ y ( k ) , y ( k  - 1 1 ,  ..., y ( k  - m +1)lT. 

Assuming that 

(6) 

O ( k / k ) = B ( k - l / k ) = . . .  = O ( k - m + l / k ) = S ( k ) ,  (7) 

we can estimate S ( k )  by minimizing, with respect to S ( k ) ,  
the weighted sum of square errors (Anderson and Johnson, 
1982): 

0 0 ... 

... Am- 1 

r l  o ... 0 1  

, (8) 
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where A E (0,1] is a forgetting factor, whose purpose is to 
gradually deemphasize older data. Hence, at any sampling 
time k ,  the process parameters can be approximated as 

Equation 9 requires that the information matrix 

m - 1  
M 4 c Aj+(k - j /k)&(k - j/k)' 

; = o  

be well conditioned. The last requirement is satisfied if there 
exist two positive numbers p0 and pr such that 

h where the number K = ( pl/pO> provides an upper bound for 
the condition number of the information matrix M ,  and 
should not be excessively large. The matrix notation A x B 
means that the matrix A - B is positive semidefinite. The 
condition, Eq. 10, is the strong persistent excitation (of order 
n + 1) criterion (Goodwin and Sin, 1984). 

Persistent excitation requirement in simultaneous 
parameter estimation and model-based control 

While the preceding methodology can be directly applied 
for off-line parameter estimation, it may also be exploited in 
simultaneous on-line parameter estimation and control. The 
main idea we propose is the following: At each point in time 
consider a finite horizon in the future and minimize an objective 
function over that horizon, with respect to current and future 
process inputs. In addition to satisfying all standard MPC con- 
straints, these inputs should also satisfy the persistent excita- 
tion criterion. 

In a typical MPC setting with quadratic objective function, 
the preceding idea yields the following on-line optimization 
problem, for MPCI. 

m + n  
C [ wi(y(k  + i /k)  - y s p > 2 ]  + riAu(k + i - 1/k)2+ qp2 

i = l  

(11)  

subject to 

urn, 2 u ( k  + i - l / k )  2 urnin, i = 1 , 2 , .  ..,m + n (12) 

Au,, 2 Au(k + i - l/k) 2 - hum,, i =  1,2, ..., m + n 

(13) 

u ( k  + m +i /k )  = u ( k  + i /k) ,  i = O , I ,  ..., n -1 

A J 4 (  k - j + i /k)  4( k - j + i/k)T x ( po - p ) I  + 0, 
m - 1  

j = O  

i = 1,2,  . . ., m + n - 1 

i = 1,2, .. . ,m + n y ( k  + i/k> = + ( k  + i / k )%(k) ,  

where 

Au( k + i - l/k) = u( k + i - l /k> - u(k + i - 2/k). 

Remarks 
If the process inputs are bounded, that is, urnin I u 5 u,,, 

then the existence of p1 in the persistent excitation inequal- 
ity 10 is guaranteed. For example, it can be shown (Appendix 
A) that 

m - l  

~ ~ = ( n + l ) m a x { u ~ ~ " , u ~ , , l ~  c A' (18) 
j = O  

satisfies the upper bound condition of inequality 10. That is 
the reason why the constraint 15 involves an inequality with 
the controller tuning parameter po only. The value of p o  is 
more difficult to choose. On the one hand, po should be large 
(but less than pl) ,  so that the effect of noise on the quality of 
parameter estimation can be minimal. On the other hand, po 
should be small, so that the process output does not fluctuate 
too much around the desired setpoint value. It is clear that if 
po = 0, then the preceding MPCI formulation results in a 
standard MPC problem, because the inequalities 

m - 1  

Aj+(k - j + i/k)+(k - j + i/k)T k 0,  
j =  0 

i=1,2,  ..., m + n - 1  

are trivially satisfied, and need not be included in the opti- 
mization. 

The selection of the value of the tuning parameter po is a 
challenging problem and subject of current research. 

Figure 1 shows that MPCI has an m-periodic sequence of 
future inputs u(k + i/k), as Eq. 14 implies. This is in contrast 
to conventional MPC, for which future manipulated inputs 
are constrained to remain constant for i 2 m so that the pro- 
jected process output over the moving horizon can reflect the 
desired closed-loop behavior of the process, that is, asymp- 
totic settling of the process output at the setpoint. MPCI, 
however, purports to constantly perturb the process suffi- 
ciently (but with minimum output error) for the development 
of a process model. 

The persistent excitation condition, Eq. 15, requires that 
m > n, otherwise the information matrix M will be singular 
(see Appendix D). 
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Figure 1. MPCl moving horizon. 

The role of the relaxation variable p that appears in the 
objective function Eq. 11 and the constraint inequality 15 is 
to guarantee that a feasible solution exists for the preceding 
optimization problem. Ideally p should be equal to 0. 

Persistent excitation is maintained in the closed loop, be- 
cause of inequalities 15. Indeed, for i = 1, inequalities 15 im- 
PlY 

of the m value is still an open issue. In the example pre- 
sented in this article we used the rules of thumb p = 3n and 
m = p  - n  = 2n. 

Solution of the MPCl On-Line Optimization 
Problem 
Linear matrix inequalities 

A linear matrix inequality (LMI) has the form 

where z is a vatiable, and the symmetric matrices W ,  = 
y T  emNxN, i = 0, . . ., K ,  are given. The inequality symbol 
in Eq. 19 means that W ( z )  is a positive semidefinite matrix. 
In the sequel, the inequality symbol will denote matrix defi- 
niteness whenever the inequality involves matrices on both 
sides. 

Semidefinite programming 
Semidefinite programming (SP) is a generalization of lin- 

ear programming (LP) that includes an LMI constraint, as 
follows: 

m - 1  c Aj+(k - j + l/k) + ( k  - j + l /kIT * ( po - p)Z > 0 
j = O  

subject to 

m - 1  
T + C ~ ' [ ~ ( k - j ) ,  ..., u ( k - j - n ) , l I  

This inequality implies that the current input u(k/k) (to be 
selected at current time k )  will have to satisfy the PE condi- 
tion. 

Output constraints can be added to the preceding opti- 
mization problem. To simplify the ensuing solution method- 
ology, we presently consider only input constraints. 

Equation 17 provides the weighted least-squares (Eq. 8) es- 
timate of the model parameters and disturbance vector B(k). 
8 ( k )  is assumed to remain constant throughout the optimiza- 
tion horizon. 

To prevent sharp changes in 8 ( k )  one may consider alter- 
natives to weighted least-squares minimization (Eq. 8), such 
as constrained weighted least-squares minimization, or 
weighted least-squares minimization with an additional 
penalty on 113(k)- 8 ( k  - 1)II;. 

The selection of the excitation window and control horizon 
length m is not trivial. For good control and large projected 
signal-to-noise ratio at each time k ,  we would like large m. 
However, for a large m the assumption that the process is 
quasi time invariant over the horizon might pose problems, 
when the process is significantly time varying. The selection 

min cTz ,  
Z 

(20) 

K (21) w, + C ziy = A W ( z )  * 0. 

i = l  

If W ( z )  is a diagonal matrix, the preceding SP problem be- 
comes an LP problem. Powerful convex programming tech- 
niques are available for efficient numerical solution of SP 
problems. The ellipsoid algorithm is one such algorithm that 
is guaranteed to solve standard SP problems in polynomial 
time. In practice, interior-point algorithms are known to be 
much more efficient (Boyd et al., 1994). Details on SP can be 
found in Vandenberghe and Boyd (1994). 

SP formulation of the least-squares problem with LMI 
constraint 

In this section we show how to transform a least-squares 
problem with linear and LMI constraints into an SP problem. 
Consider the minimization 

subject to 

A x 2 b  (23) 
L 

Fa + c XiFi * 0, (24) 
i =  1 

where x = [x,, x 2 ,  . . . , x,IT, f ,  b are column vectors; F,, i = 0, 
1, . . . , L are symmetric matrices; E,  A are matrices of appro- 
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priate dimensions. The previous optimization problem con- 
tains standard least-squares objective and constraints (Eqs. 
22, 23, respectively) and an additional LMI constraint (Eq. 
24). This problem cannot be solved by quadratic program- 
ming (QP) algorithms. However, this is a convex optimization 
problem that can be reformulated as an SP problem as fol- 
lows. 

First, one can use the equivalence 

(25) 

(see proof in Appendix B) to convert the preceding optimiza- 
tion problem (Eqs. 22 to 24) to the following problem: 

(26) 

subject to 

A x k b  (27) 

(28) 

L 
F O +  c x i F i b O .  (29) 

i = l  

Next, the constraint Eq. 27 can be put in LMI form as 
follows. Let the matrix A be written as 

where ai,  i = 1, . . . , L are column vectors, and let the opera- 
tor D be defined as 

Then the constraint Eq. 27 can be written as 

L 

- D ( b )  + c X , D ( U , )  * 0 
i =  1 

For the final step, let the matrix E be written as 

(31) 

where ei ,  i = 1, . . . , L are column vectors. Then, the least- 
squares problem Eqs. 26-29 becomes the following SP prob- 
lem: 

min u, 
x,  G- 

subject to the LMI constraint 

(33) 

w,i = 1, ..., L 

Equation 34 is an instance of Eq. 19 with K = L + 1, z = [x,, 
x2, . .., x L ,  aIT and corresponding matrices y ,  as shown in 
Eq. 34. 

Sequential semidefinite programming formulation of the 
MPCI on-line optimization problem 

Unlike standard MPC, which requires the on-line solution 
of a QP or LP problem, the preceding formulation of MPCI 
(Eqs. 11 to 17) is not a QP or LP problem. It is rather a 
constrained optimization problem involving the nonconvex 
matrix inequalities 15. We show below how one can find a 
suboptimal solution of that problem by solving an SP prob- 
lem. In the next section we show how to use SP in an itera- 
tive methodology that searches for a local optimum. 

We start from the following relation, which is always true: 

m - 1  c Aj[ +( k - j + i / k )  - #* ( k  - j + i /k) l  
j = O  

where +* is an arbitrary column vector in CR"'. Rearrang- 
ing terms yields 

m - l  c Aj+(k - j + i / k ) # ( k  - j + i /k )T 
j = O  

m - l  c A J + * ( k - j + i / k ) + ( k - j + i / k ) T  
j = O  

m - l  

+ c AJ+(k - j + i / k ) + * ( k  - j + i/k)' 
j =  0 

m-1  

- c A j + * ( k - j + i / k ) + * ( k - j + i / k ) T .  (36) 
j = O  

Hence, satisfaction of the inequality 

m - l  c A j + * ( k - j + i / k ) + ( k - j + i / k ) '  
j =  0 

m - l  
T + c Aj4(k  - j + i / k ) + * ( k  - j + i / k )  

j =  0 
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m - 1  
- AJ+*(k - j +  i /k )+*(k  - j +  i /k)T b ( po-  p)Z, 

j = O  

i = 1,2, .. ., m + n - 1 (37) 

will always guarantee satisfaction of the constraint Eq. 15. 
But the preceding inequality, Eq. 37, is an LMI (see Ap- 
pendix C). Thus, the proposed MPCI on-line optimization, 
Eqs. 11 to 17 with the constraint Eq. 15 replaced by the con- 
straint Eq. 37, is in the general form of the optimization 
problem Eqs. 22-24, where the optimization variable x is 

x = [u (k /k )  u(k + l / k )  ... u(k + m - l / k ) ,  p ] .  

This problem, in turn, can be easily transformed into an SP 
problem in the form of Eqs. 33-34, as shown earlier. 

Remark. The vector +* can be thought of as a point of 
approximate linearization of the quantity 

because for + = +* we have 

m - 1  

A i # ( k - j + i / k ) + ( k - j + i / k ) T  
j = O  

m - 1  
= A]+* ( k  - j + z/k) +( k - j + i/k I T  

j =  0 

m - 1  

+ A J + ( k - j + i / k ) + * ( k - j + i / k I T  
j = O  

m - 1  

- AJ+*(k - j +  i /k )+*(k  - j +  i /kIT, (38) 
j =  0 

while the lefthand side of the previous equality is greater than 
or equal to the righthand side because of Eq. 36. 

Iterative SP solution of the MPCI on-line optimization 
problem 

If +* is poorly chosen, then the solution of the on-line SP 
problem, Eqs. 11-14, 37, 16, 17, may be far from the solution 
of the original MPCI on-line nonconvex optimization prob- 
lem, Eqs. 11 to 17. To improve the selection of +*, we can 
apply an iterative procedure at time k, as follows: 

Select an initial set {+*(k - j + i /k),  j = 0, . . ., 
m - 1, i = 1, . . . , m + n - l}. A good choice is 

Step 1. 

where 

2862 

' u ( k - j + i - l )  
if j - i + l > l  

uOpt(k - j + i - l/k -1) 

i f j - i + l < l  

al = 

(past implemented u )  

optimal u computed at 
k - 1, but not implemented 

Step 2. Solve the SP problem Eqs. 11-14, 16, 17 and 37. 
Let the optimal solution be {uopt(k/k), ..., uopt(k + m - 
1/k)7 Popt1. 

Step 3. Update +* by setting 

+,*,,,(k - j + i /k )  = [ PI *.. P, l lT ,  

j = O  ,..., m - 1 ,  i = l ,  ..., m + n - 1 ,  

where 

u ( k - j + i - l )  if j - i + l > l  
P1= { u O p t ( k - - j + i - l / k )  if j - i + l < l .  

Step 4. 

Remark. 

If a termination criterion such as c$,*,~ = C$& is 
satisfied, then stop. Else, go to step 2. 

Even if a local minimum is reached by the itera- 
tive scheme proposed here, MPCI will not fail, since all con- 
straints (Eqs. 12-17) will be satisfied. Of course, failure to 
reach the global minimum will affect the performance of the 
closed loop. The convergence properties of the preceding al- 
gorithm are the subject of current investigation. 

MPCI startup procedure 
Assume that at time k = 1 it is desired to turn on MPCI for 

a certain process. As in any adaptive control scheme, a cer- 
tain initial time has to be allowed before starting the on-line 
parameter estimation. During this transition period, a neces- 
sary amount of data is accumulated for starting on-line iden- 
tification at the end of this period. Identification can then be 
performed at each subsequent time step continuousIy. We will 
call this first transition period the MPCI startup procedure. 
During the startup procedure, MPCI is implemented at each 
time k = 1, . . . , m + n - 1 as an on-line optimization problem 
comprising Eqs. 11 to 14 along with the following modifica- 
tions of Eqs. 15 and 16: 

i = m + n - k ,  ..., m + n - 1 (39) 

where the output additive disturbance d(k  + i / k )  is predicted 
according to conventional MPC as 

October 1996 VoL 42, No. 10 AIChE Journal 



Remarks 
The reason for requiring the startup procedure to last from 

k = 1 to k = m + n - 1 is that the information matrix 

m - 1  

j = O  
Ai+(k - j/k)c#dk - j /kIT 

in Eq. 17 must be invertible. That information matrix is a 
function of m + n past inputs, from u(k - m - n + 1) to u(k 
- 1) for any k ,  as seen from Eq. 3. Therefore, at least m + n 
past inputs must have been produced by the MPCI algorithm 
before the invertibility of the information matrix can be guar- 
anteed. This implies k 2 m + n. 
The reason for restricting the range of the index i from 

m + n - k to m + n - 1 in Eq. 39 instead of 1 to m + n - 1 as 
in Eq. 15 is to prevent Eq. 15 from demanding excessively 
large moves from the input u. If the index i were left to vary 
from 1 to m + It - 1, then inputs implemented at times k 5 0 
could adversely affect the information matrix 

that appears in Eq. 15, since these inputs were not chosen by 
MPCI, hence were not required to satisfy a persistent excita- 
tion constraint. 

The meaning of Eq. 40 is that the model 

n 

y ( k  + i / k )  = d ( k  + i / k )  + g j ( k  + z / l )u(k  + i - j / k )  (42) 
j = l  

with fixed coefficients gi(k + i/l) is used in the on-line opti- 
mization, and no adaptation is performed, since Eq. 17 is not 
included in the constraints. At k = m + n ,  simultaneous iden- 
tification and control, that is, Eqs. 11 to 17, resumes, and is 
continued beyond this point. 

Illustrative Example 
Let us assume that the real behavior of a linear process is 

described by the equation 

where d is a deterministic disturbance and c is white noise 
with zero mean and standard deviation equal to 0.01. We will 
compare two alternative controllers, MPC and MPCI, with 
parameters shown in Table 1. The values of the tuning pa- 
rameters A, q,  and pO were determined by simulation trial 
and error. 

The process input u must satisfy the constraints 

-0.4 I ~ ( k )  5 0.5 

at all times k.  
Assume that the linear model 

y ( k + i / k )  = l . l u ( k + i - l / k ) + 0 . 5 5 u ( k + i - 2 / k )  

+0.22u(k + i - 3 / k ) + O . l l u ( k + Z - 4 / k ) + d ( k + i / k )  (44) 

is available for the preceding process from previous data. 
For MPC the disturbance is predicted as 

d ( k  + i / k )  = d(k /k )  = y ( k )  - l . l ~ ( k  - 1) -0.55u(k - 2) 

-0.22u(k -3)-O.llu(k - 4 ) .  (45) 

Remark Conventional MPC will use Eq. 45 even if the 
process varies unless a new process model is externally sup- 
plied. MPCI, on the other hand, will use Eq. 45 only during 
the startup procedure, k < m + n, and will rely on Eq. 17 af- 
terwards. 

The process is upset by a step setpoint change 

y s p  = -0.5 

at time k = 0. We then distinguish two time periods: 

disturbance 
Period 1. (0 I k I 15). The system is upset by the step 

d ( k )  = 0.1 

implemented at time k = 0. 
Period 2. 

changed as follows. 
(15 ( k ) .  At k = 15 the real process has 

y(  k )  = - 0 . 3 ~ (  k - 1) - 0 . 2 ~ (  k - 2)  -O.lu(k -3) 

+0.05u(k - 4 ) +  d ( k ) .  (46) 

Table 1 

Parameter Symbol Value for MPC Value for MPCI 
Control horizon length m 8 8 
Optimization horizon length p = m + n  12 12 

Move suppression term coefficients ' 1  

Forgetting factor A Not applicable 1 
LMI softening weight 4 Not applicable 5 
Persistent excitation lower bound Po Not applicable 0.01 

Output weighting factors Wi 1, i = l ,  ..., m + n  1, i = l ,  ..., m + n  
0.1, i = O  ,..., m-1 

0, i = m ,  ..., m t n - 1  
0.1, i=O, ..., m + n - 1  
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Figure 2. Comparison of process output responses un- 
der MPCI and MPC. 

--- y under MPCl 

The system is upset by the step disturbance 
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' 6 11 16 21! - 26 2/-?-. 41 

-1 1 

d ( k ) =  -0.4. 

Remark. Notice that the sign of the steady-state gain of 
the process has changed at k = 15. This is a rather extreme 
case of a time-varying process, that may appear in practice in 
systems such as autocatalytic reactors. This situation clearly 
illustrates the effectiveness of MPCI. 

Our simulations show that conventional MPC resulted in 
saturation of the process input and never recovered, as illus- 
trated in Figures 2 and 3. However, MPCI correctly identi- 
fied the new plant parameters and disturbance after suffi- 
cient data were collected, that is, when k > 21 (Figures 4 to 
8) and closely tracked the setpoint. 

Conclusions and Future Research Directions 
A new approach to simultaneous constrained MPC and 

identification (MPCI) was proposed. The new approach re- 
lies on on-line optimization of a conventional quadratic ob- 
jective function over a moving horizon, with respect to pro- 
cess inputs that satisfy a persistent excitation constraint in 
addition to all conventional MPC constraints. This approach 

Input action 

0.5 

0.3 1 
I 

-0 5 ' 
Sampling point, k 

Figure 3. Comparison of process input actions under 
MPCl and MPC. 

-Real g l  
...... I 

attempts to keep control performance deterioration at a min- 
imum while performing closed-loop identification. An itera- 
tive scheme was proposed for the numerical solution of the 
on-line optimization problem. At each iteration, that iterative 
scheme finds a suboptimal feasible solution of the on-line op- 
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I 

l t  
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Figure 5. Comparison of process model coefficients g, 
used by MPCl and MPC. 
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Figure 6. Comparison of process model coefficients g, 
used by MPCl and MPC. 
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related to good process identification, such as frequency 
characteristics, etc. 

Extension to multivariable systems. 
Extension to deterministic ARMA models. 
Extension to nonlinear systems. 
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Figure 7. Comparison of process model coefficients g, 
used by MPCI and MPC. 

timization problem by solving a semidefinite programming 
problem whose global convergence is guaranteed. An illustra- 
tive example demonstrated the applicability of the method. 

A number of theoretical questions as well as variations on 
the proposed approach may be considered. A representative 
list follows: 

Closed-loop stability, performance, and robustness. 
These closed-loop properties depend on the design of the 
MPCI controller. This involves: selection of values for MPCI 
parameters (m,  po, r,, w,, q, A); the way model adaptation is 
performed. 

Convergence of the on-line optimization algorithm. 
Global convergence is guaranteed for each step of the pro- 
posed iterative scheme, because of convexity of semidefinite 
programming. However, convergence of the entire iterative 
process to a global optimum over the optimization domain 
needs to be examined. 

Efficiency of the on-line optimization algorithm. For ex- 
ample, interior-point methods are known to be almost as effi- 
cient as the simplex method for linear-programming prob- 
lems of comparable size. 

Inclusion of output constraints in the on-line optimiza- 
tion. 

Satisfaction by process inputs of additional constraints 

d 
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, I  
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Figure 8. Comparison of unmeasured process disturb- 
ance estimated by MPCl and MPC. 

Acknowledgment 
The authors express their appreciation to Drs. S. Boyd and L. El 

Ghaoui for their helpful e-mail discussions on LMI. The authors 
thank two anonymous reviewers for their helpful comments on the 
structure of this article. 

Notation 
d = output additive disturbance 
g = time-varying unit-pulse-response-model coefficients 
n = number of pulse-response coefficients in process model 
u = process-manipulated input 
y = process output 

C#I= regression vector whose entries are process inputs 
8= parameter estimate vector for model parameters and 

disturbance 
p1 = upper bound of persistent excitation 

Operators 
A k B =  the square matrix A-B is positive semidefinite 
A t B =  the square matrix A-B is positive definite 
a 2 6 = set of inequalities a, 2 bi for the components of the a and b 

Subscripts and superscript 
max = maximum value 
min = minimum value 

T = transpose 
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Appendix A: Proof of Existence of p ,  in Eq. 10 
for u,,, I u I u,,, 

We have that Vx E&”+’ 

m - 1  
xT c Ajc$(k - j / k ) c $ ( k  - j / k ) T x  

j =  0 

. .  c x’ 
i = l  

m - 1  c Aj(n+ l ) (  u ( k - j - i / k ) 2 x ? + x i + 1  
i = O  i = l  

n + l  - < ’  

c x’ 
i = l  

I n + l  .-z- X’ 
i = l  

n 

m - 1  uzcx’+x,2+1 
i = l  

n + l  c 4 
i = l  

A where U = max(lu,,I, Iuminl). Equation A1 implies that 

m - 1  

p lxTx  2 C A j x v ( k  - j / k ) 4 ( k  - j / k ) T x ,  Vx E @ ” + ~  
j = O  

m - 1  

* plZ k c Ai4(k - j / k ) + ( k  - j / k ) T .  
j =  0 

O.E.A. 

Appendix B: Proof of Eq. 25 
The proof of the relation 

is given in two parts. 
Forward Direction 

The following relation always holds. 

Inequalities (Eqs. B1 and B2) imply 
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Backward Direction Equation C3 is equivalent to 

Z ( E x +  f )  
[ ( E x +  f ) T  u 

= . ( E x +  f ) ' (EX+ f ) s u .  

O.E.A. 

Appendix C: Proof that Eq. 37 Can Be Brought into 
the Standard LMI Form Eq. 19 

The vector +(k - j + i /k)  in the lefthand side of Eq. 37 
can be written as a linear combination of the basis vectors 

T 
E f =  [O  ... 010 ... 01 , 1=1, ..., n + l  (C1) . 

1 in Ith location 

as 

n 

+ ( k - j + i / k ) =  c u(k - j+ i - I / k )q+E,+ , .  (C2) 
I = 1  

Therefore, for a fixed i = 1, . . . , m + n - 1, Eq. 37 is equiva- 
lent to 

m - 1  
T c A'+* ( k  - j + i/k ) +( k - j + i / k )  

j =  0 

m - 1  
+ c Ai+(k- j + i / k ) + * ( k -  j+ i / k IT  

j =  0 

m - 1  
- A j + * ( k - j + i / k ) + * ( k - j + i / k ) ' - ( p n - p ) I * O  

j = O  

m - 1  - c Al+*(k- j+i/k)  u ( k -  j + i - l / k ) c T +  
j = O  

where 

m - 1  

j =  0 
QjA c h i + * ( k - j + i / k ) + * ( k - j + i / k ) T .  (C4) 

AlChE Journal 

m - 1  n c ~ u ( k - j + i - l / k ) M j , j , , + N ,  
j = O  1 = 1  

m - 1  n 
+ c c u ( k - j + i - l / k ) M T j , , + N , T - Q i - p o I + p I * O ,  

j = O  1 = 1  

((25) 

where 

Using the index transformation 

s = -  j + i - 1  

in Eq. C4, we get 

where the symmetric matrices Ri,s are defined as 

j = max(0,i - s - n )  

Because of Eq. 14 we have that u ( k + s ) = u ( k + s + m ) .  
Therefore Eq. C9 becomes 

, (C11) I i - 1  c u(k  + s/k)Ri,s + pI + v,O k 0 if i s m  
s = o  

m - 1  i - m - 1  c u(k+s /k )R i , s+  c u ( k + s / k ) R , , s + ~ I + ~ , O ~ O  if i > m  
s = o  s = o  
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where the symmetric matrix y,o is defined as Appendix D: Proof that the Information Matrix M is 
Singular if m I n 

Let v ~ o l " + ' .  Then 
- 1  

hJc#J(k - j + i/k)c#J(k - j + i /k )T v 
j = O  1 w 1,o 4 u(k  + S I R , , ,  + N, + W T -  Q ,  - p o l .  

s = i + l - m - n  

(C12) 

Equation Cl l  can be written as 
Q c # J ( k - j + i / k ) T v = O ,  j=O,1,  ..., m-1. (D2) 

i - 1  
u ( k  + s/k)R,,s + pZ + w,o h 0 

s = o  I if i s m  

i - m - 1  m - 1  c u(k  + ~ / k ) 2 R , , , ~  + c u ( k  + s / k ) R i , s  + p I  -k q," k 0 if i > m 
s = i - m  

If it were m I n, then the number m of homogeneous equa- 
tions (Eq. D2) would be less than the number n + l of entries 
of the vector v. Therefore a nonzero vector Y would exist 
that would satisfy Eqs. D2, or, equivalently, Eq. D1. Satisfac- 
tion of Eq. D1 for a nonzero v would imply that the matrix 

C x ,Y , ,+  C x ~ < , ~ + V , ~  if i > m .  M is singular. Consequently, it must be rn > n, for the matrix 
M not to be necessarily singular. O.E.A. 

i c X S W , , ,  + T o  
s = O  

if i s m  

(c13) m i - m - 1  

s = O  s = i - m  
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